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Abstract. We show that any κ-trivial fibration can be naturally decomposed

into a lower-dimensional fibration, followed by fibrations in Abelian varieties.
As an application, we prove b-semiampleness for certain κ-trivial fibrations.
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1. Introduction

A log Calabi-Yau fibration consists of a sub-pair (X,B), together with a contrac-
tion f : X −→ Y , such that KX + B ∼Q,Y 0, and (X,B) is log canonical over the
generic point of Y . This kind of fibration is of central importance for higher dimen-
sional algebraic geometry. Indeed, the Minimal Model Program and the Abundance
Conjecture predict that any log canonical pair (X,B), such that KX +B is pseudo-
effective, has a birational model with a naturally defined log Calabi-Yau fibration
on it. Roughly speaking, one can think of (X,B) as being constructed from two
lower dimensional varieties, namely the base Y , and a general fiber (Xy, By). The
way these varieties “fit together” to form (X,B) is encoded by the canonical bundle
formula

KX +B ∼Q f
∗(KY +MY +BY )

Here, BY measures the singularities of the fibration, while MY measures the
variation of the general fiber. The b-semiampleness Conjecture, due to Prokhorov
and Shokurov [12, Conjecture 7.13], predicts that MY is semiample, possibly after
passing to a higher birational model of f . The conjecture has been proven for
dim f = 1 [12], for a vast class of morphisms of relative dimension 2 [5, 7], and for
fibrations in Abelian varieties [7]. In particular, the methods of [5] show that this
conjecture can be approached by induction on the dimension of the general fiber,
at least in some cases.

In this short note, we study the b-semiampleness Conjecture for a particularly
simple type of log Calabi-Yau fibration, called κ-trivial fibrations. Given such a
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fibration f : X −→ Y , we construct its Albanese factorization, i.e. a natural
decomposition

f : X
g−→ Zl

hl−→ ...
h2−→ Z1

h1−→ Y,

where g is a κ-trivial fibration, whose general fiber has trivial Albanese, and the hi
are fibrations in Abelian varieties for all i. The dimension of g can be considered
a generalization of the Albanese fiber dimension of a morphism [8, Definition 2.4];

we set Âfd(f) := dim g. Our main result is the following.

Theorem 1.1. Let f : X −→ Y be a κ-trivial fibration with Âfd(f) ≤ 2: then MY

is b-semiample.

In Section 2 we recall some notions about generalized polarized pairs and fiber
space adjunction, and give the precise statement of the b-semiampleness conjecture.
In Section 3 illustrate the construction of the Albanese factorization of a κ-trivial
fibration. In Section 4, we give a proof of Theorem 1.1. Finally, we conclude with
some remarks about a possible generalization of the techniques and results of [7] to
Hyperkähler fibrations.

2. Preliminaries

We will work over the field of complex numbers C. A variety will be a separated,
integral scheme of finite type over C: we will usually assume our variety to be
normal and projective. If D is an R-divisor on X, we have a unique decomposition
D = D+ − D− where D+, D− ≥ 0 and have no common components. We refer
to D+, D− as the positive and negative part of D, respectively. Suppose now that
f : X −→ Y is a morphism: a prime divisor P ⊂ X is said to be f-horizontal, or
horizontal over Y, if P dominates Y via f . Otherwise it is said to be f-vertical,
or vertical over Y. Hence, we have an induced decomposition D = Dver + Dhor

where Dver, Dhor are divisors with no common components called the f-vertical and
f-horizontal part of D, respectively. We will use the language of b-divisors, as in

[2]. If D is a b-divisor on X, and X̃ −→ X is a higher model of X, we denote by

DX̃ its trace on X̃. If D is a divisor on X̃, we denote by D the Cartier b-divisor it

induces on X. We say that D descends to X̃ if D = DX̃ . If X is a normal variety,
its canonical divisor is naturally a b-divisor K, defined as divXω for a rational
differential ω ∈ ΩC(X).

A generalized sub-pair is the datum of a normal variety X together with

• projective morphisms X ′
f−→ X −→ V , with f birational and X ′ normal;

• an R-sub-soundary BX on X; and
• an R-Cartier divisor MX′ on X ′, nef over V and such that KX +MX +BX

is R-Cartier, for MX := f∗MX′ .

We refer to BX as the boundary part, and to MX as the nef part. All generalized
polarized sub-pairs we will consider will be over V = Spec(C): thus, we will drop
V from the notation from this point on. Note that the definition is flexible in

X ′: if X ′′
g−→ X ′ is a higher model, we can replace X ′ with X ′′ and MX′ with

MX′′ := g∗MX′ . In particular, this defines a b-divisor MX on X. Let now E be
an exceptional divisor over X: without loss of generality, we may assume it is a
divisor on X ′. Write
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KX′ +MX′ +BX′ = f∗(KX +MX +BX)

where BX′ is defined by the above equation, and the choice f∗KX′ = KX . Then,
aE(X,MX + BX) := 1 − coeffE(BX′) is called the generalized log discrepancy of
E with respect to (X,MX + BX). A generalized polarized (sub-)pair is said to
be generalized (sub-)lc (respectively generalized (sub-)klt) if aE(X,MX + BX) ≥
0 (respectively aE(X,MX + BX) > 0) for all E as above. Furthermore, note
that the above ramification formula defines a b-divisor BX on X. The generalized
discrepancy b-divisor is defined as

A(X,MX +BX) := K + MX −KX +MX +BX ,

and we set

A∗(X,MX +BX) := A(X,MX +BX) +
∑

aE(X,MX+BX)=−1

E

for the generalized log discrepancy b-divisor. Let now (X,MX + BX) be a gener-
alized sub-pair, with data f : X ′ −→ X and MX′ , and let S be a divisor on X.
The generalized (sub-)log canonical threshold of S with respect to (X,MX +BX) is
denoted by glct(X,MX + BX ;S), and it is defined to be the biggest λ ∈ R such
that (X,MX +BX + λS) is generalized sub-lc, with respect to the structure given
by f : X ′ −→ X and MX′ . Note that, when X ′ = X, f = idX and MX′ = 0, one
recovers the usual notions for pairs.

2.1. (Generalized) sub-lc-trivial fibrations. We now introduce the main topic
of this paper. If X and Y are normal varieties, and f : X −→ Y is a projective
morphism between them, we say f is an algebraic fiber space if f∗OX = OY .

Definition 2.1. Let (X,MX +BX) be a generalized polarized sub-pair, with mor-
phism X ′ −→ X, and nef part MX′ . A (generalized-)lc-trivial fibration is an alge-
braic fiber space f : X −→ Y , such that

(1) rkf∗OX(dA∗(X,MX +BX)e) = 1;
(2) (X,MX +BX) is generalized sub-lc over the generic point of Y ; and
(3) KX +MX +BX ∼R,Y 0.

Note that condition (1) is automatically satisfied if (X,MX +BX) is generalized
lc over the generic point of Y .

Definition 2.2. An algebraic fiber space f : X −→ Y is a κ-trivial fibration if X
and Y are smooth projective varieties, and κ(F ) = 0 for a general fiber F .

A κ-trivial fibration is always a sub-lc-trivial fibration: by [6, Proposition 2.2]
there exists, up to linear equivalence, a unique DY on Y such that

KX +RX = f∗(KY +DY )

where RX is a Q-divisor, such that R+
X is f -exceptional and f∗OX(biR−Xc) = OY

for all i ≥ 0. Letting X ′ = X,MX′ = 0 and BX = RX we have that f : X −→ Z is
a sub-lc-trivial fibration.

Definition 2.3. Let (X,B) be a sub pair, and let f : X −→ Y be an algebraic
fiber space. We say that f satisfies the standard normal crossing assumptions if

• X and Y are smooth;
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• There is an open Y 0 ⊂ Y , such that f is smooth over Y 0, and Σ := Y \ Y 0

is a simple normal crossing divisor;
• B + f∗Σ has simple normal crossing support; and
• (X,B) is log smooth over Y 0.

Given a generalized sub-lc-trivial fibration f : (X,MX + BX) −→ Y , with
dimY > 0, and a prime divisor P on Y , let

tP := glctηP (X,MX +BX ; f∗P )

be the generalized sub-log canonical threshold of (X,MX + BX) over the generic
point of P . Consider the Q-divisor

BY =
∑

sPP sP = 1− tP
where the sum is over all codimension one points of Y . Note that tP = 1 for all
but finitely many prime divisors of Y . Let LY be an R-Cartier divisor such that
KX +MX +BX ∼R f

∗LY , and define MY := LY −KY −BY , so that

KX +MX +BX ∼R f
∗(KY +MY +BY )

This construction is called adjunction for fiber spaces. The divisors MY and BY
are called the moduli and boundary part, respectively. Sometimes we will denote
the boundary part by JY . Note that BY is a well-defined divisor, while MY is just
defined up to R-linear equivalence.

Suppose now to have a commutative diagram

X̃ X

Ỹ Y

µ

g

ν

f

where ν and µ are birational: then, we have a new sub-lc-trivial fibration g :

(X̃,MX̃ +BX̃) −→ Ỹ , where MX̃ = MX,X̃ and BX̃ is defined by KX̃ +MX̃ +BX̃ =

µ∗(KX +MX +BX). We can then define divisors MỸ and BỸ , such that

KX̃ +MX̃ +BX̃ ∼R g
∗(KỸ +MỸ +BỸ )

and ν∗MỸ = MY , ν∗BỸ = BY . In this way, the moduli and boundary b-divisors
MY and BY are defined.

The following is the main conjecture governing the behavior of the moduli part:

Conjecture 2.1 (b-semiampleness). [12, Conjecture 7.13] Let (X,BX +MX) be a
generalized sub-pair with data X ′ −→ X and MX′ . Assume that BX and MX are
Q-divisors. Let f : X −→ Y be a contraction such that KX + MX + BX ∼Q,Y 0.
Suppose that MX is b-semi-ample, let c be the smallest positive integer such that
|cMX | is basepoint-free. Assume that (X,MX + BX) is generalized klt over the
generic point of Y . Then

(i) MY is b-semiample;
(ii) There exists a positive integer I0, depending just on dim f, c and the coeffi-

cients of Bhor
X , such that I0(KX +MX +BX) ∼Y 0; and

(iii) MY is effectively b-semiample: there exists a positive integer I1, depending
just on dim f, c and the coefficients of Bhor

X , such that we have I1MY ′ = L
for some basepoint-free divisor L on a birational model Y ′ of Y .
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The above Conjecture is known in some cases:

Theorem 2.4. [12, Theorem 8.1], [5, Corollary 7.4] In the hypothesis of Conjecture
2.1, assume furthermore that dim f = 1. Then Conjecture 2.1 holds.

Theorem 2.5. [7, Theorem 1.2], [5, Theorem 1.7] Let (X,B) be a sub-pair, where
B is a Q-divisor. Let f : X −→ Z be a projective surjective morphism of normal
varieties with connected fibers. Assume KX +B ∼Q,f 0, and (X,B) is klt over the
generic point of Z. If the geometric generic fiber Xη is a surface not isomorphic to
P2, then the b-divisor MY is b-semiample.

Theorem 2.6. [7, Theorem 1.2] Let f : X −→ Y be a κ-trivial fibration such that
the general fiber of f is an Abelian variety. Then MY is b-semiample.

Lastly, we recall the following conjecture.

Conjecture 2.2 (Iitaka’s Cm,n). Let f : X −→ Y be an algebraic fiber space, and
let F be a general fiber. Then

κ(X) ≥ κ(Y ) + κ(F )

When Y is an Abelian variety, the Conjecture holds by [3, Theorem 1.1].

3. Albanese factorization

In this section we show how to use the relative Albanese morphism to factor
a κ-trivial fibration as a composition of κ-trivial fibrations. We first recall some
notions about the Albanese morphism.

Definition 3.1. Let X be a smooth projective variety, and let αX : X −→
Alb(X) be the Albanese morphism. The Albanese dimension of X is defined to
be Adim(X) := dimα(X). The Albanese fiber dimension of X is defined to be
Afd(X) := dimX − Adim(X). Let f : X −→ Y be a surjecitve morphism, let
f : X −→ Z −→ Y be its Stein factorization and let Xz be a general fiber of
X −→ Z. We define the Albanese fiber dimension of f as Afd(f) := Adim(Xz).

We now recall the construction of the relative Albanese morphism: let f : X −→
Y be an algebraic fiber space, let Y 0 ⊂ Y be an open over which f is smooth,
define X0 := f−1(Y 0), and denote by f0 : X0 −→ Y 0 the induced morphism. Let

π : Ỹ 0 −→ Y 0 be a degree k etale cover such that there is a section of f̃0 : X̃0 :=

X0×Y 0 Ỹ 0 −→ Ỹ 0. Then, by universality of the Picard variety, we get a morphism

α
X̃0/Ỹ 0 : X̃0 −→ Alb(X̃0/Ỹ 0) := Pic0(Pic0(X̃0/Ỹ 0)/Ỹ 0)

Let G be the Galois group of π: then G acts on X̃0 and Alb(X̃0/Ỹ 0), thus we
can define an action of G on α

X̃0/Ỹ 0 by

(gα
X̃0/Ỹ 0)(x) = g−1(α

X̃0/Ỹ 0(gx))

Let β
X̃0/Ỹ 0 be ∑

g∈G
(gα

X̃0/Ỹ 0) : X̃0 −→ Alb(X̃0/Ỹ 0)
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and let Γ̃ ⊂ X̃0 ×
Ỹ 0 Alb(X̃0/Ỹ 0) be its graph. Let Γ be its image in X0 ×Y 0

Alb(X0/Y 0): then Γ induces a morphism

βX0/Y 0 : X0 −→ Alb(X0/Y 0)

which, on a fiber F of f0, has the following factorization

F
αF−→ Alb(F )

[k]−→ Alb(F ) −→ y

up to a traslation in Alb(F ). Let βX0/Y 0 : X0 −→ Z0 −→ Y 0 be the Stein
factorization: by taking smooth compactifications we obtain a factorization

f : X
g−→ Z

h−→ Y

such that

(1) f is birational to f ;
(2) g and h are algebraic fiber spaces;
(3) The fibers of h have maximal Albanese dimension; and
(4) The dimension of g equals the Albanese fiber dimension of f .

Remark 3.2. Suppose now that f : (X,MX + BX) −→ Y is a lc-trivial fibration.
By construction, X and X are isomorphic over a dense open U ⊂ Y . In particular
MY = MY , which is consistent with the moduli part measuring the variation of
the general fiber.

We now recall the following result due to Kawamata

Theorem 3.3. [10, Theorem 1] Let X be a smooth projective variety such that
κ(X) = 0: then the Albanese morphism αX : X −→ Alb(X) is an algebraic fiber
space.

As a result of this and the above construction, we obtain the following

Corollary 3.1. Let f : X −→ Y be a κ-trivial fibration. Then, up to passing to
higher smooth models of X and Y we have a factorization

f : X
g−→ Z

h−→ Y

where g, h are algebraic fiber spaces and Zy = Alb(Xy) for general y ∈ Y . In
particular, both g and h are κ-trivial fibrations as well.

Proof. We only need to prove the last claim: note that h is κ-trivial, as its gen-
eral fiber is an Abelian variety, so we just need to show κ(Xz) = 0 for general
z ∈ Z. Now, such Xz is a general fiber of the Albanese morphism αy : Xy −→
Alb(Xy) = Zy, where y = h(z). As κ(Xy) = 0, the morphism αy is a fiber space
by Theorem 3.3. As Zy is an Abelian variety, we have κ(Xz) ≤ 0 by [3, Theorem
1.1]. Since κ(X) ≥ 0 and z is general, the restriction map H0(X,OX(mKX)) −→
H0(X,OXz

(mKXz
)) is non-zero for some m, hence κ(Xz) = 0. �

Definition 3.4. Let f : X −→ Y be a κ-trivial fibration: by repeatedly applying
Corollary 3.1 we obtain a factorization in fiber spaces

f : X
g−→ Zl

hl−→ ...
h2−→ Z1

h1−→ Y,
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where g and the hi are κ-trivial fibrations, the general fiber of the hi is an Abelian
variety, and the general fiber of g has trivial Albanese. We refer to this as the
Albanese factorization of f.

Definition 3.5. Let f : X −→ Y be a κ-trivial fibration: its iterated Albanese
fiber dimension is defined as the dimension of a general fiber of g : X −→ Zl and

denoted by Âfd(f).

4. Main result

Before stating the main results of this paper, recall the following statement.

Lemma 4.1. [5, Lemma 5.1] Let (X,MX + BX) be a generalized polarized pair
with data X ′ −→ X and MX′ and let f : X −→ Y be a contraction such that
KX + MX + BX ∼R,Y 0. Let Z be a variety such that there are contractions
g : X −→ Z and h : Z −→ Y such that f = h ◦ g. Let BZ and BY be the boundary
b-divisors induced on Z and Y by g and f respectively, and let DY be the boundary
b-divisor induced on Y by KZ + MZ,Z + BZ,Z and h. If MZ is a Cartier b-divisor
then BY = DY .

The above lemma is very useful to study towers of lc-trivial fibrations.

Proposition 4.1. Let (Z,BZ+MZ) be a generalized polarized pair with generalized
klt singularities with data µ : Z ′ −→ Z and MZ b-semiample. Let h : Z −→ Y be
a generalized sub-lc-trivial fibration such that the general fiber of h is an Abelian
variety: then the b-divisor MY is b-semiample.

Proof. Since we want to prove a statement about b-semiampleness, up to a gener-
ically finite base change, we may assume that Z and Y are smooth, MZ = MZ

and MY = MY descend, h : (Z,BZ) −→ Y satisfies the standard normal crossing
assumptions and it is semistable in codimension one: we then have to show MY is
semiample. Since KZ |F = (KZ + MZ + BZ)|F = 0 and BZ ,MZ ≥ 0 we have BZ
and MZ are h-vertical. As MZ is also semiample, in particular nef, we have that
MZ = h∗LY for some semiample R-divisor LY on Y . By [6, Proposition 2.2], we
also have a canonical bundle formula

KZ +RZ = h∗(KY + JY )

where the moduli part JY is semiample by Theorem 2.6; note that the boundary
part is zero as h is assumed to be semistable in codimension one. On the other
hand, since KZ +BZ ∼R,Y 0, fiber space adjunction yields

KZ +BZ = h∗(KY +M ′Y +B′Y )

As MZ does not contribute to the singularities of (Z,MZ +BZ) we have

glctηP (Z,MZ +BZ ;h∗P ) = lctηP (Z,BZ ;h∗P )

for all prime divisors P ⊂ Y . Thus we have B′Y = BY . In particular, BZ − RZ =
h∗D for some Q-divisor on Y so that

KZ +BZ = h∗(KY + JY +D)

Let now P be a component of Supp(D), and let a be the coefficient of P in D:
we will show that 1 − a = glctηP (Z,MZ + BZ ;h∗P ). To this end, we can assume
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that RZ and BZ are both supported on f−1P . Then (Z,BZ + h∗((1 − a)P )) =
(Z,RZ + h∗P ) is log canonical, hence 1 − a ≤ glctηP (Z,MZ + BZ ;h∗P ). On the
other hand, if the inequality were strict, then for small enough ε > 0 we would have
(Z,RZ + h∗((1 + ε)P )) log canonical, a contradiction. Hence D = BY , and thus
MY = JY + LY is a semiample divisor, as such are JY and LY . �

We are now ready to prove the main result of this paper.

Proof of Theorem 1.1. Since we are investigating b-semiampleness, we are free to
replace our varieties with higher models, hence we can take the Albanese factoriza-
tion

f : X
h−→ Zl

gl−→ ...
g2−→ Z1

g1−→ Y

Now consider the following generalized log structures

• (Zl,JZl
+ BZl

) induced by (X,R)
h−→ Zl;

• (Zi,JZi
+ BZi

) induced by (Zi+1,JZi+1
+ BZi+1

)
gi+1−→ Zi for i = 1, ..., l− 1;

• (Y,JY + BY ) induced by (Z1,JZ1 + BZ1)
g1−→ ZY ; and

• (Y,MY + BY ) induced by (X,R)
h−→ Y .

Up to replacing X,Y and the Zi with higher birational models, we may assume
that all the b-divisors listed above descend. Then JZl

is semiample by Theorems
2.4, 2.5. By Theorem 4.1 JZi

and JY are then semiample for all i. By Lemma 4.1,
JY = MY . �

5. A remark on hyperkähler fibrations

Suppose f : X −→ Y is an algebraic fiber space of smooth projective varieties
and there exists an open Y 0 ⊂ Y such that

• f0 : X0 := f−1(Y 0) −→ Y 0 is smooth and KX0 ∼Y 0 0
• Σ := Y \Y 0 is a SNC divisor and Rdim ff0∗CX0 has unipotent monodromies

around Σ

The bottom piece of the Hodge filtration f0∗ωX0/Y 0 is then a line bundle, which
has a canonical extension to Y , coinciding with f∗ωX/Y . In this case, the moduli
part MY is the corresponding divisor class (see [11, 8.4.5] for the details). The
core of the argument of Fujino’s result is that, when the fibers over Y 0 are K3s or
Abelian varieties, the line bundle f∗ωX/Y is the pullback of some ample line bundle
via the period map. More precisely we have:

Theorem 5.1. For j = 1, 2, let HjC −→ Y 0 be a g-dimensional variation of HS

of weight j having unipotent monodromies around Σ and denote by F j and F j the
bottom piece of the Hodge filtration and its canonical extension respectively. Let S
be the Borel-Satake compactification of S, which admits an embedding S ↪→ P by
automorphic forms of weight k, and let Φ : Y −→ S be the extension of the period
map. Then

Φ∗OS(1) = (F2
)⊗gk and Φ∗OS(1) = (

g∧
F1

)⊗(g+1)k

We would like to modify Fujino’s argument to take care of the hyperkähler case
too.
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Theorem 5.2. Let f : X −→ Y be a fiber space of smooth projective varieties, and
suppose the general fiber of f is an hyperkähler variety. Then MY is b-semiample.

Set d = 2n = dim f and let HjC −→ Y 0 denote the natural weight j VHS, with
j = 2, d. For y ∈ Y 0 we have identifications

F2
y = H2(Xy,Ω

2
Xy

) and Fdy = Hd(Xy,Ω
d
Xy

)

By [4, Proposition 3.2], we have a canonical isomorphism (F2)⊗n ∼= Fd. Is it

obvious that this extends to an isomorphism (F2
)⊗n ∼= F

d
and, if not, what are

sufficient conditions for this to happen? Once we have this we can apply Theorem
5.1 and conclude.
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